WA o AE ¥ 44 Chapter 7 Applications of Integration 7.1-7.4
7.1

1-4. Find the area of the shaded region.
1.

y=5x—

) ((4.4)

4
A=J;4[(5x—x2)—x]dy=2x2—x?30 =%

‘ 1 10
=e——+—

A=J‘_ll[ey—(yz—2)]dy=ey—§y3+2y_l .

5-16. Sketch the region enclosed by the given curves. Decide whether to integrate with respect to x
or y. Draw a typical approximating rectangle and label its height and width. Then find the area of
the region.

9. y=12—-x*,y=x"-6

ABRERGRIBELR Y E TR 2x° =18=>x=-3,3 >

3

fld=] [12-x)- (-6l =2 [18x——x} —72
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1. x=2y>,x+y=1 y
%#i&%@éﬁi%&%’ﬁ%ﬁﬁ\iﬁfm’\
2y2+y—1=0:>y=%,—1 ’

1

Al A=fl/2[(1—y)—2y2]dy=y—ly—3y3 =3
-1

273

15. y=l,y=x,y=£,x>0
X 4
ABREE SR IBEAHBH LR wHE

2
a1 21 1, 3, 2]
EIJA—J:)(X—ZX)CZX'FJ; (;—ZX)dx—gx 0+{ln|x|—§l —1112

21. Sketch the region that lies between the curves y =cosxand y=sin2xand between x =0

T : : . .
and x =5 Notice that the region consists of two separate parts. Find

the area of this region.

y=COSX
/6 . /2 , = of .
A:L (cosx—51n2x)dx+f/6(sm2x—cosx)dx ~ EEndR ¥y = sin2x
T
/6 /2
. 1 i 1 T
=|sinx+—cos2x +| ——cos2x—sinx =—
2 0 2 /6 2 +
ki Z\”‘
6 2

29. Find the area of the crescent-shaped region (called a /une) bounded by arcs of circles with radii »

and R(see the figure).
BB TAE S - AR DA H A - AT

A=2J:(b+«/r2—x2 R —x%)dx

=2br+2 ' rP—x*dx+2 ' R* —x’dx
Y N

HI o L x=rsint= dx=rcostdt >

r 2 2 a7 o o1 1. o
EIJJ.O r—x dx—rj cos“tdt=r [5t+zsm2t} _T

T
0

4 x=Rsint = dx = Rcostdt »
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sin'l(r/R)

" sin " (r/R) 1 1 1 ror
al | VR —x*dx=R? cos’tdt = R?| —t +—sin 2t =—R’sin —+—~+/R*—r?
I J 2 T 2 R 2

Hb=+R>—7>
2
B2l A =y R: =12 +%—R2sin‘1%

31. Find the values of ¢ such that the area of the region bounded by the parabolas y=x* —c* and
y=c’>—x"is 576.

] 2
y=c2—x*

MRBREEL x=2c » BEWHEH N xdh  yeh 345

c

A= (3= dex - D) =S¢ =576 = =6 /‘\0/\
0 - , . 2

He=—6Mmax—# o

33. Find the number b such that the line y =4 divides the region bounded by the curves y = x>
and y =4 into two regions with equal area.

B B T ko AR b 0 #

2 X’ 16
A=2[ (4=x")dx=24,= 4, =l4x-"h ==

.
24,=2[ b(za—xz)abc:%b”2 —bh=4" %252

37. For what values of m do the line y =mx and the curve y = enclose a region? Find the

x?+1

area of the region.
W B 7T 4o h 4348 X BF > B‘éi%bx:iwfl—l%’%& ] l>130<m<1
m m

AlAa R e @A HBENRE > &

l_ l_ Y x4+ 1
A=2L‘/;( al —mx]dx=[1n|x2+l|—mx2h/;=m—lnm—1 i

x*+1
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7.2

1-12. Find the volume of the solid obtained by rotating the region bounded by the given curves
about the specified line. Sketch the region, the solid, and a typical disk or washer.

1. y=1/x,x=1x=2,y=0; about the x — axis

2
vl Lax=-F
V—/tJ.ydx—/rJ.1 xzdx— |

3. x=2\/;,x=0,y=9; about the y — axis

V= 7le x’dy = 47z’|.09 ydx =27y Z =162

5. y=x’,y=ux,x2>0; about the x — axis

1

B TS PR DO SN R
V—72'J.(y1 -, )dx—ﬂj.o(x - X )dx—ﬂ(3x —7x )0—21

¥4

7. y* =x,x=2y;about the y — axis
2

_ 2 NP T S NPT, SAE S SN I o0 /4

Veafel-x)dy=xf @4y -y Oy =y -2y ) =15
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9. y=x,y=\/;;abouty=1

! 3, 1, 4.5, =
V=r[(’ =)=z [1-x) —(1—\/})2]41rx=7z(7x2 +§x3 +§x3/2)0 =

¥ T y

-
|
—

11. y=x’,x=y*; about x =—1

1, 4 15 2, 297
V= > xdy =2 [y 1) (P + 1) Jdy =y 4 2y 2y =28
G e N e e i e 3 =50

____________

13. The region enclosed by the curves y=x’and y= x is rotated about the line x=1. Find the
volume of the resulting solid.

V=rf( -x" )y =z [ [- ) ~(1-33) 1y

1

_13x
. 30

2 3 1 5 3 4/3 3 5/3
=1(—=y +=y += -=
( 3V Y Y S )

21. Each integral represents the volume of a solid. Describe the solid.

(a) 72'!()7Z/2<:052 xdx (b) 72"[)1(y4 —y%)dy
(2) % y=cosx.0<x <7 b P RN -

(b) 2y y=~/x 1y =x A X & 04 B By e A7 AF Bk o
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25-37. Find the volume of the described solid S.

27. A cap of a sphere with radius r and height 4.

BAARN  #x+y' =r’=>x"=r'-y » r—h<y<r /4—}.

i
_ 200 " (2 v\ = 7| 52 _13" _ (-t kJ x
V—ﬁjx dy—/tJ.r_h(r y )dx—ﬂ[l’ y 3)/ l_h =rh”(r 3) X2+ y2= 3

33. The base of S is an elliptical region with boundary curve 9x* +4y* =36. Cross-sections
perpendicular to the x-axis are isosceles right triangles with hypotenuse in the base.

+\/36—9x2

Ox* +4y° =36:y=_T,—2$x$2ijE » BB b K2R 6y o 4R R B

2
— (e =Z [ (36—9x2)dx — 350 2 . ical ceoss
14 —ﬂj y dx—z .[_2 (36 -9x )dx-;{9x 4x 12 =24r y typical cross-

section of length
ﬂ }2_»- = /36 - 012
i—;)/ x

41. (a) Set up an integral for the volume of a solid forus (the donut-shaped solid shown in the figure)
with radii » and R.

(b) By interpreting the integral as an area, find the volume of the torus.

(a) ZEM&HHE (x—R)+)y’ =1’
SRAEAERESGIB  EREx, =R-\r’—)"  A&Ex, =R+ \r’ -y » 0<y<r
_ 22 N " 2.2 v
V—EI(XR X, )afy—87er0 NFT=ytdy )
L x =g(}‘)),««- = f(y)
(b) 4 y=rsind= dy=rcos 0l \

0 L (RO x
"2 2 g 20 2 _ 2'1 A2 1 J
A 872'RL NPT =y dy =8aRr L/(z:os 6d6 = 8Rr 47[-272' r°R
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45. Find the volume common to two spheres, each with radius 7, if the center of each sphere lies on
the surface of the other sphere.

Ei%ﬁmgu%(ﬁg)%yz =

AR D e F BB y =1 —(x+§)2 » 0<x<

_ 2 (723 2 o 3. 151, _ 5 5
V—ﬂIydx—ﬂ'J:) (4r -X —xr)dx—ﬂ'(4r X——Xx ——Xxr)| =—mr

27, 24

|
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7.3

1. Let S be the solid obtained by rotating the region shown in the figure about the y-axis. Explain
why it is awkward to use slicing to find the volume V" of S. Sketch a typical approximating shell.
What are its circumference and height? Use shells to find V.

VA

1
T

0 1

-y

%1% F [ 37k (Washer) » BRI B8 8 y =x(x - 1P 99 TARS > AF kR4 B0 S ¥ > 0L
HATHAR S HN BT o B AR S -

2 1% A [B A% #% 7% (Shell Method) »

1 x x x31 T
V=ZEIxydx=27er2(x—1)2dx=2;r[?_7+?}

3-7. Use the method of cylindrical shells to find the volume generated by rotating the region
bounded by the given curves about the y-axis. Sketch the region and a typical shell.

3. y=1/x,y=0,x=1Lx=2

¥

V=271'Ixydx=27rfx‘%dx=27r

5. y:e_zxz,yzO,x:O,x:I

1 242 2|1
V=2ﬂ"fxydx=2n'.|.0x.e‘ Ydx=—me ™| =x(l-e)
0

y y
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9-14. Use the method of cylindrical shells to find the volume of the solid obtained by rotating the
region bounded by the given curves about the x-axis. Sketch the region and a typical shell.

9. x=1+)*x=0,y=1,y=2

2

2z
1 2

2 1 1
V=27 [xydy =2x[ (14 %) ydy =22y +20")

y

1. y=x",y=8x=0

s 6 * 7687
V=2x|xydy=2x| 3y ydy=—m""?| =—=
Jody =27 [y vy =" =
y _ y
g—2=8 Jo s
x=0 y=x3
0 X

13. y=4x"2x+y=6

S AR R B S
— 2 _
YER Ty =04
2x+y=6 2

=]ty 2 21 -

4
_ iﬂym

3 2 1 5/2
o ==z
5 6 27757 l 3
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y
(~3.9) y=4x’
(1,4)
2x+y=6
y=0 0 \ x

15-20. Use the method of cylindrical shells to find the volume generated by rotating the region
bounded by the given curves about the specified axis. Sketch the region and a typical shell.

15. y=x>,y=0,x=1,x=2;about x =1

y VA
V=2 (s )yds =2 (r- D =27 = -5 7
y 1 4 1 6 /e
of 1 ..2 X 0 1
17. y=x*,y=0,x=1,x=2;about x =4
V=2x(4-x) dx—znf(4_x)x2dx-2,, B _67
g ! 3 4] 6
y - . .
&4 : x=2
r=4§ _______
T o e

19. y=~+x-1,y=0,x=5;about y=3

4 2
V=27rj(3—y)(5—x)dy=2nj02(3—y)(5—y2 —1)dyz27z[l2y—2y2 _— +Jﬂ =247

0

21-26. Set up, but do not evaluate, an integral for the volume of the solid obtained by rotating the
region bounded by the given curves about the specified axis.
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23. y=x',y=sin(m/2);about x =1

V =27 [x(y, - y,)dx = 27zj01(x+1)(sin§x—x4)dx

[
=Y

29-32. Each integral represents the volume of a solid. Describe the solid.

29. jj 20 d
J.:27z:>c5dx=2ﬂj.:x.x4dx »BPO<y<x' > 0<x<3ZEIR¥y Wi 8 -
1 2
31. J-0277(3—y)(1—y )dy

Iol2ﬂ(3—y)(l—y2)dy=2ﬂjol(y—3)(y2—l)dy B x=)" -1~ x=0 y=0AERZERK
Hy =3 @Mzl 3G) x=)" s x=1> y=0F BRI R y=3 Mk @mRFz
REAE e

33-38. The region bounded by the given curves is rotated about the specified axis. Find the volume
of the resulting solid by any method.

33. y=x>+x-2,y=0;about x — axis
y=x"+x-2,y=0=>x=-21

! xx bogl
V=”Iy2dX=ﬂ£2(x2+x—2)2dx=ﬂ[?+?—x3—2x2+4x} T
2

35. y=5,y=x+(4/x),about x =—1

4
4 4 X’ )
V:272'J-l [x=(=D][5-(x+—)]dx =27 —?+2x +x—4Inx | =87(3-1n4)
X

1

y y=x+4/x

x=-1i
H (1,5) 4,5/~

/".y =x
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7.4

1. Use the arc length formula (3) to find the length of the curve y=2-3x,—2 <x<1. Check your
answer by noting that the curve is a line segment and calculating its length by the distance formula.

L= 1+ (e = [ 1+ (3 de=3v10

HRBEY=2-3x,2<x<1 > s (-2.8),0-1) -

PR EE 2 \J[L- (-2) +[(-1) - 8]* =310
3-14. Find the length of the curve.

3. y=1+6x"",0<x<1

L= [+ () dx = [ 1+ 0x'?) dx = [ T+ 81xd

=1+81x= dr =81dx

82

Al jol \/1+81xdx=é fzr“2dr=ir3/2

243

2
=——(82V82 -1
243( )

1

= s 1o Tl <x<2
x

2
3 1 3 1261
L=|41+ d “xtr=x Y de= | Sxt+—xTtde=| =X -—x7 | =——
J (y)xj\/(x y Ix 10 [6x 1ox} 240

1

9. y=In(secx),0<x<7x/4

L :I 1+()'") dx = J:M (secx)’dx = JO”/4secxdx = 1n(secx+tanx)|;”4 =In(+/2 +1)
13. y=e",0<x<1

L=[1+() de= [ 1+ dx

1
Stant=e¢' > x=In|tant|=> dx=——dt
smfzcost

a1 e de= [

4 u =cost = du =—sintdt

sin fCOS t

Al | 1 di = 21 2du=j(—i+1/—2—1/—2ja’u=1+11n|u-1|—11n|u+1|+c
(u” —Du u 2 2

sinfcos’t wb ou-1 u+l
I S A | P —1 |cost - 1|
u u+l cost |cost+1|
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L

1+e2*+;1 Nlxe™ +C =+1+¢?

! +1
]0

—\/1+e2)c
1+v1+e

+C

Vi+e®

1 V1+e*

A | V1+ede=|Jl+e* +
I ! 1+\/1+e

_Vive iV Lte \/E——l 1-+2
1+\/1+e 1+2

17. x=y+y’,1<y<4 Setup, but do not evaluate, an integral for the length of the curve.

x=y+y’ :>@=1+3y2
dy

L= [+ dy=[ 246y +9y"dy

25. Sketch the curve with equation x*”* + y** =1and use symmetry to find its length.

B4 B T o B Hcdh o ydh s REEHAE  SEFRE — KIRAG &R T

1
1 1 .13
L= 4I0V1+(y')2dx = 4Lx Vdx = 411111{5)8/3} =6

t—0

3/2

27. Find the arc length function for the curve y =2x"'" with starting point F(1,2).

1/2

y=2x"" = y'=3x

Lo =] 1+(y')2dx:f\/1+9xdx

A u=1+9x = du =9dx

1+9¢

I\/1+9xdx— J.l(:gf ”%’u—% ¥z

=%[(1+9r)»3/2 ~10v10]
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